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ON MACROSCOPIC DIMENSION OF RATIONALLY 
ESSENTIAL MANIFOLDS 

ALEXANDER DRANISHNIKOVi 



Abstract. We construct a counterexamples in dimensions n > 3 
j^ ' to Gromov's conjecture [Grlj that the macroscopic dimension of 

rationally essential n-dimensional manifolds equals n. 
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^ \ 1. Introduction 

^-^ ■ Gromov brought to life several definitions of a large scale dimen- 

sion. Perhaps the best known of these is the notion of the asymp- 
totic dimension introduced as an invariant of discrete groups |Gr3] . It 

r> \ turned out that the finiteness of asymptotic dimension for a group 

c^ ■ implies many famous conjectures of Novikov's type for that group 

|Yuj . |Baj ■ |CGj ■ [BR] . |DFWj . The asymptotic dimension asdimX is de- 
fined for general metric spaces X and by its nature does not take into 
account the local structure of a space. The notion of macroscopic di- 
mension dinimc X was introduced by Gromov for studying Riemannian 
manifolds |Grl] . This notion of large-scale dimension is sensitive to 
the local structure in particular, to the covering dimension of a space 
which by definition is local. We note that always dim^c X < asdimX. 
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2 A. DRANISHNIKOV 

Groinov stated several conjectures and questions concerning macro- 
scopic dimension. One of his conjectures on dim^c was that the uni- 
versal covering M of any n-manifold M with positive scalar curvature 
satisfies the inequality dim^c M < n — 2. This conjecture seems to be 
out of reach since it implies the Gromov-Lawson conjecture about non- 
existence of a positive scalar curvature metric on any closed aspherical 
manifold. The latter is known to be a Novikov type conjecture. We 
refer to |BDj for recent progress on the Gromov scalar curvature con- 
jecture modulo the Novikov conjecture. In this paper we solve another 
Gromov's problem which connects the macroscopic dimension of the 
universal covering with the essentiality of the manifold. 

1.1. Definition. |Grl] A metric space X has the macroscopic dimen- 
sion less or equal to k, dim^c X < k, ii there is a continuous uniformly 
cobounded map / : X — )■ A^'^ to a /c-dimensional simplicial complex. 

A map / : A — 7- y of a metric space is uniformly cobounded if there 
is a constant C > such that diam{f~^{y)) < C for all y eY. 

Clearly dinimc is an invariant of quasi-isometry homeomorphisms. 
Therefore, the macroscopic dimension dim^c M of the universal cov- 
ering M of a closed manifold M taken with the lifted from M metric 
does not depend on the choice of the metric on M. Gromov studied 
the question when the universal covering M of a closed n-dimensional 
manifold could have macroscopic dimension strictly less than n. 

The main source of n-manifolds satisfying the inequality dinimc M < 
n is the class of inessential manifolds also introduced by Gromov [Gr2j . 
We recall that an n-manifold M is called inessential if a map f : M ^ 
Bn that classifies its universal covering M can be deformed to the {n — 
l)-skeleton Stt'-""^^. Otherwise it is called essential. It is well-known 
that an orientable manifold is inessential if and only if the image of its 
fundamental class under the induced homomorphism /* : H^,[M) — )■ 
H^{Bti) is zero, /^.([M]) = (see |BD ]). An example of an essential 
n-manifold M with dinimc M < n is the real projective space MP". 
Though M = MP" is essential it is rationally inessential ior odd n, i.e., 
with f^,{[M]) = in H^{B7r; Q). Gromov conjectured this is always the 
case. 

1.2. Conjecture. ( jGrlj . 2| Remarks and Questions) IfdinimcM < n 

where M is the universal covering of a closed orientable n-manifold M , 
then M must be rationally inessential. 

The main goal of this paper to give counterexamples to Gromov's 
conjecture. For that we define a new notion of macroscopic dimension 
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diniMc satisfying the inequality 

dinimc X < diniMc X < asdimX 

and construct rationally essential closed n-manifolds M with divuMc M < 
n. 

1.3. Definition. A metric space X has the macroscopic dimension less 
than or equal to k, diniMc-'^ < k, if there is a Lipschitz uniformly 
cobounded map / : X — )■ A^'^ to a A;- dimensional simplicial complex. 

Here we assume that a simplicial complex A^ has a metric inherited 
from the Hilbert space £2(A^ ) spanned by the vertices of N under the 
canonical imbedding into the standard simplex A C A C £2(A^ )• We 
will call dimjv/c the macroscopic dimension and will refer to diniMc as 
Gromov's macroscopic dimension. Clearly, 

dim^c X < dimMc X. 

The original definition of asymptotic dimension uses coverings by large 
open sets. Alternatively, the asymptotic dimension can be defined as 
follows [0?3].[BD]: 

1.4. Definition. A metric space X has asymptotic dimension less than 
or equal to k, asdimX < k, if for every e > there is an e-Lipschitz 
uniformly cobounded map / : A — )■ A'^ to a /c-dimensional simplicial 
complex. 

Then, clearly, 

diraMc X < asdimX. 

In this paper we develop a cohomological approach to macroscopic 
dimension outlined in |Dr] . This theory combined with a homological 
characterization of amenability given by Block and Weinberger |BW] 
produces the following examples. 

1.5. Tlieorem. For all n > 4 there are closed rationally essential n- 
manifolds M with dimjv/c M < n. 

The non-amenability of the fundamental group in these examples is 
essential in view of the following 



1.6. Theorem. |Drj For rationally essential n-manif olds with amenable 
fundamental group there is the equality dimjv/c M = n. 

It turns out that the inequality dimjv/c M < n depends only on the 
homology class a = /*([M]) G Hn^Bn) where f : M ^ Btc is a map 
that classifies the universal covering of M. It means that for any man- 
ifold A^ with classifying map g : N ^ En and g*{[N]) = a it follows 
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that diniMc N < n. Following Brunnbauer and Hanke pBHj we call 
such classes small. It turns out that small classes form a subgroup in 
HniBn). This phenomenon was discovered first in |BHj with respect 
to many classes of so-called large manifolds such as manifolds with 
hyper-spherical universal cover, with hyper-euclidean universal cover, 
enlargeable, etc. The property diniMc^ = dimM for a manifold M 
certainly represents some largeness. We call such manifolds M macro- 
scopic dimension large. Nevertheless Brunnbauer-Hanke approach does 



not work here. In particular, for all largeness conditions treated in jBH] 
the torsion elements are small. It is still an open question whether tor- 
sion elements of H^:{Btt) are small for the macroscopic dimension large 
property. Our proof that small classes in H^, (Bn) for the macroscopic 
dimension largeness form a subgroup is based on a concept of the al- 
most equivariant (co)homology introduced in this paper. Curiously, 
this proof brought as the byproduct the following formula for homol- 
ogy of groups: 

HniBn) = ker{r ®^ Z ^^^^ (/""^ ® Zn) ®^ Z} 

where j : I ^ Ztt is the inclusion of the augmentation ideal / into the 
group ring Ztt and /" = / ® • • • ® / is the nth tensor power over Z. 

We note that all known results on Gromov's macroscopic dimension 
[Grl],[HI],|B2],lB3],lBD] hold true for dimMc- It could be the case 
that there is the equality dim^c ^ = dim^c X for nice metric spaces 
X such as the universal coverings of closed manifolds with the lifted 
metric. 

2. Almost equivariant cohomology 

Let X be a CW complex and let En{X) denote the set of its n- 
dimensional cells. We recall that (co)homology of a CW complex 
X with coefficients in an abelian group G are defined by by means 
of the cellular chain complex C*(X) = {C„(X),c)„} where C„(X) is 
the free abelian group generated by the set En{X). The resulting 
groups H^{X;G) and H*{X;G) do not depend on the choice of the 
CW structure on X. The proof of this fact appeals to the singu- 
lar (co)homology theory and it is a part of all textbooks on alge- 
braic topology. The same holds true for (co)homology groups with 
locally finite coefficients, i.e., for coefficients in a yr-module L where 
TT = 7ri(X). The chain complex defining the homology groups H^{X; L) 
is {Cn{X) 0^ L} and the cochain complex defining the cohomology 
H*{X; L) is HomT^{Cn{X), L) where X is the universal cover of X with 
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the cellular structure induced from X. The resulting groups i^=„(X; L) 
and H*{X; L) do not depends on the CW structure on X. 

These groups can be interpreted as the equivariant (co)homology: 

H,{X- L) = H[f'^{X- L) and H*{X; L) = Hl{X- L). 

The last equality is obvious since the equivariant cohomology groups 
H*{X;L) are defined by equivariant cochains HomT,{Cn{X),L}. We 
recall that the equivariant locally finite homology groups are defined 
by the complex of infinite locally finite invariant chains 

CH'^'iX; L) = { Y, ^ee\ Xge = gXe, Ae G L} . 

eGE„{X) 

The local finiteness condition on a chain requires that for every x G X 
there is a neighborhood such that the number of n-cells e intersecting 
U for which Ae 7^ is finite. This condition is satisfied automatically 
when X is a locally finite complex. Even in that case // is the part 
the notation for the equivariant homology since it was inherited from 
the singular theory. The following Proposition implies the equality 
H,{X;L) = Hif'-{X;L). 

2.1. Proposition. For every CW complex X with the fundamental 
group IT and a n-module L the chain complex {C„(X) ^-^ L} is isomor- 
phic to the chain complex of locally finite equivariant chains C^(X). 

The following definition was given in |Dr] in more general setting. 

2.2. Definition. Let X be a CW complex with the universal cover X 
and let L be a 7r-module. A homomorphism (p : C„(X) — )► L is called 
almost equivariant, if the set 

{7~"^0(7e) I 7 G tt} C L 

is finite for every n-cell e in X. Let Homae{Cn{X), L) be the set of all 
almost equivariant homomorphisms from C„(X) to L. Note that this is 
a group. These groups form a cochain complex with respect to the co- 
differential S defined as {5f){A) = f{dA) where d : C„(X) ^ C„_^(X) 
are the boundary homomorphisms. The cohomology groups H*^{X] L) 
are called the almost equivariant cohomology of X with coefficients in 
a TT-module L. 

One can define singular almost equivariant cohomology by replacing 
n-cells e in the above definition by singular simplices a : A" — )■ X. The 
standard argument show that the singular version of almost equivariant 
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cohomology coincides with the cellular. Thus the group H*^{X; L) does 
not depend on the choice of a CW complex structure on X. 

Since every equivariant homomorphism is almost equivariant, there 
is a natural transformation 

perf^ : H\X- L) = HUX- L) ^ HUX; L) 

called a perturbation homomorphism from the cohomology of X to the 
almost equivariant cohomology. Clearly, for complexes X with finite 
fundamental group, pert*x is an isomorphism. 

Also we note that a proper cellular map f : X -^ Y that induces an 
isomorphism of the fundamental groups lifts to a proper cellular map 
of the universal covering spaces f : X ^ Y. The lifting / defines a 
chain homomorphism f^, : C„(X) — )■ Cn{Y) and a cochain homomor- 
phism /* : Homae{Cn{Y) , L) — )■ Homae{Cn{X),L). The latter defines 
a homomorphisms of the almost equivariant cohomology groups 

fl:HUY-L)^HUX-L). 

Suppose that tt acts freely on CW complexes X and Y such that the 
actions preserve the CW complex structures. We call a cellular map 
g : X ^Y almost equivariant if the set 



U{7-V(7e)}ca(F) 



7£7r 

is finite for every cell e in X where g^ : C*(X) — )■ C^{Y) the induced 
chain map. 

On a locally finite simplicial complex we consider the geodesic metric 
in which every simplex is isometric to the standard. 

2.3. Proposition. Let f : X ^^ Y he a proper almost equivariant 
cellular map. Then the induced homomorphism on cochains takes the 
almost equivariant cochains to almost equivariant. 

Proof. Let : CniY) — )> L be an almost equivariant cochain. Let e' be 
an n-cell in X. There are finitely many chains Ci, . . . , c^ G CniY) such 
that f{'~fe') C 7{ci, . . . , Cm} for all 7 G vr. Then the set 

m 

U{7'V(/(7e'))} C U{7"V(7{ci, • • • , c^})} = IJ \J{r'<PilCi)} 

7€:'7r 7€7r i=l ^Gir 

is finite. D 

For every CW-complex X we consider the product CW-complex 
structure on X x [0, 1] with the standard cellular structure on [0, 1]. 
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Proposition 12.31 and the standard facts about cellular chain com- 
plexes imply the following. 

2.4. Proposition. Let X and Y be complexes with free cellular actions 
of a group tt. 

(A) Then every almost equivariant cellular map f : X -^ Y induces 
an homomorphism of the almost equivariant cohomology groups 

r:HUY-L)^HUX-L). 

(B) If two almost equivariant maps fi, f2 '■ X ^ Y are homotopic by 
means of a cellular almost equivariant homotopy H : X x [0,1] ^ Y, 
then they induce the same homomorphism of the almost equivariant 
cohomology groups, /j* = /|. 

Similarly one can define the almost equivariant homology groups on 
a CW complex by considering infinite locally finite almost equivariant 
chains. Let X be a complex with the fundamental group n and the 
universal cover X. We call an infinite chain Xlee-E (x) -^e^ almost equi- 
variant if the set {•j^^X^e | 7 € tt} C L is finite for every cell e. As we 
already have mentioned, the complex of equivariant locally finite chains 
defines equivariant locally finite homology Hlf''^{X; L). The homology 
defined by the almost equivariant locally finite chain we call the almost 
equivariant locally finite homology. We denote them as H]J'°''^[X;L). 
We note that like in the case of cohomology this definition can be car- 
ried out for the singular homology and it gives the same groups. In 
particular the groups Hl^'°-'^{X; L) do not depend on the choice of a 
CW complex structure on X 

As in the case of cohomology for any complex K there is a pertur- 
bation homomorphism 

pertf : H,{K; L) = H'J'^{K; L) ^ Hi^'^'iK; L). 

Also, there is an analog of Proposition 12.41 for the almost equivariant 
locally finite homology. 

2.5. Proposition. Let X and Y be complexes with free cellular actions 
of a group n . 

(A) Then every almost equivariant cellular map f : X -^ Y induces 
a homomorphism of the almost equivariant homology groups 

(B) If two almost equivariant maps fi, f2 '■ X ^ Y are homotopic 
by means of a cellular almost equivariant homotopy, then they induce 
the same homomorphism of the almost equivariant cohomology groups, 
(/i)* = (/2)*- 



8 A. DRANISHNIKOV 

Let Xj, i = 1,2 be complexes with free action of ttj and Li be ttj- 
modules. The tensor product on locally finite chains 

C^(Xi, Li) ® CY{X2, L2) -^ C%i{Xi X X2, Li ® L2) 

defined by the formula 

takes the product of almost equivariant chains to almost equivariant. 
Since the above tensor product defines homomorphisms 0* and 0"*^ for 
both the equivariant and the almost equivariant homology, we obtain 
the following: 

2.6. Proposition. For any complexes M and N with universal cover- 
ings M and N , for any 7r(M) and ni{N) modules Li and L2, and for 
any k and I, there is a commutative diagram: 



pert^ (i^pert^ 



pertf'<^ 



Hl^'^^'iM; Li) ® H'/^''\N; L^) -^ H'^+Ti^ x N-L,® L^). 

Let M be an oriented n-dimensional PL manifold with a fixed tri- 
angulation. Denote by M* the dual complex. There is a bijection 
between A;-simplices e and the dual (n — A;)-cells e* which defines the 
Poincare duality isomorphism. This bijection extends to a similar bi- 
jection on the universal cover M. Let tt = 7ri(M). For any vr-module 
L the Poincare duality on M with coefficients in L is given by the 
cochain-chain level by isomorphisms 

Hom^{Ck{M*),L) ^ C'^Ll{M-L) 

where PD^ takes a cochain (j) : Ck{M*) — )■ L to the following chain 
SeG-B (M) 4>{^*)^- The family PD^, is a chain isomorphism which is 
also known as the cap product 

PDu{ct>) = 4>r\[M] 

with the fundamental class [M] G Cl['^{M), where [M] = Xlees^rM) ^• 
We note that the homomorphisms PDk and PD^^ extend to the almost 
equivariant chains and cochains: 
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Thus, the homomorphisms PD^ define the Poincare duahty isomor- 
phisms PDae between the almost equivariant cohomology and homol- 
ogy. We summarize this in the following 

2.7. Proposition. For any closed oriented n-manifold M and any 
7ri{M) -module L the Poincare duality forms the following commuta- 
tive diagram: 

H^{M-L) ^^ H^^(m-L) 



-n[M] 



PDa.. 



We note that the operation of the cap product for equivariant ho- 
mology cohomology automatically extends on the chain-cochain level to 
the cap product on the almost equivariant homology and cohomology. 
Then the Poincare Duality isomorphism PDae for M can be described 
as the cap product with the homology class pert^{[M]). 

3. Obstruction to the inequality dim^c M"- < n 

Let vr be a finitely presented group. Then the classifying space Bit = 
K{7r, 1) can be taken to be a locally finite complex. We fix a geodesic 
metric on Bn. Let p^^ : En — )■ Bn denote the universal covering. 
We consider the induced CW complex structure and induced geodesic 
metric on En. 

3.L Proposition. Let K he a finite complex with the universal cover p : 
K ^ K supplied by a geodesic metric induced from K. Let f : K ^ Bn 
he a cellular Lipschitz map classifying p. Suppose that dim^c-^ < n. 
Then for every lift f : K ^ En of fp there is a Lipschitz cellular 
homotopy H : K x I ^ En of f to a map g : K ^ En^'^~^^ where 
£;7j-("-i) denotes the {n — l)-skeleton of En. 

Proof. We may assume that Bn is a locally finite complex. Moreover, 
since the group n = ni{K) is finitely presented, we may assume that 
the 2-skeleton Stt'-^^ is a finite complex. Let (j) : K ^ N he a, uniformly 
cobounded Lipschitz map to an (n — l)-dimensional simplicial complex. 
We may assume that is cellular and surjective on the cell level, that 
is an every cell in A^ has nonempty intersection with the image 4){K). 
Also we may assume that there is C > such that diam{(p'^^ (A)) < C 
of all simplices A in A^. We construct a Lipschitz map q : N ^ En^"^'^^ 
by induction on dimension of the skeleton of A^. For every v E N^^'> 
we define q{v) be a closest vertex in En to the set f{(f)~^{v)). Then 
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for every edge [v,v'] in A^ we define ^([VjV']) to be a shortest path 
in the Cayley graph E-k^^^ taken with the graph metric from q{v) to 
q{v'). Since the distance between q{y) and q{y') for all edges [v,v'] is 
uniformly bounded, there is an upper bound on the number of transla- 
tional isometries of such paths. Then for every 2-simplex a = [fo, f i, ^2] 
is A^ we take a filing of q{da) in En^'^^ that uses a minimal number of 
2-cells and so on. 

Let "Hfc denote the set of all simplicial imbeddings h : A^ — )■ A^ 
of the standard fc-simplex. After the step number k < n vfe will 
get a Lipschitz map q : A^*^'^^ — )■ Ett^''^ such that the family of maps 
{Pnqh : ^A^^-*^ — )> Bti}}^:-^^ is finite. Then we can construct a Lipschitz 
extension q : A^('^+^) — ). En^''^^^ using minimal fillings in Bn. As the 
result we obtain a Lipschitz map q : N ^ E-k^""^ with PnqiN) com- 
pact. We note that the composition qcp is on bounded distance from /. 
Clearly, the maps / and q(f) are homotopic as maps to a contractible 
space. Since q(p and / are on bounded distance with compact pro- 
jections pT,f{X) and pT,q(j){X), there is a uniformly bounded homotopy 
between them. Then we can turn that homotopy to a cellular Lipschitz 
map. D 

Let yl be a subset of a CW complex X. The star neighborhood St{A) 
of A is the closure of the union of all cells in X that have a nonempty 
intersection with A. Note that St{A) is a subcomplex of X. 

3.2. Proposition. Let X and Y he as above with Y locally finite. Then 
a cellular Lipschitz homotopy $ : X x [0, 1] — )■ F 0/ an almost equivari- 
ant map is almost equivariant. 

Proof. Since $|xx{o} is almost equivariant, for every cell e G X the 
union 

|J$(ex {0}) C(TiU---Uak. 

7S7r 

Then 

U $(e X (0, 1)) C St'^iK) 

7£7r 

where K is the closure of ai U ■■■ U cr^. The existence of m follows from 
the fact that $ is Lipschitz. The local finiteness of Y and finiteness 
of K imply that the m-times iterated star neighborhood St"^{K) of 
K is a finite subcomplex of Y. Clearly, the coefficients of the cells in 

$*(e X (0, 1)) G C*(r) are bounded. D 

Here we recall some basic facts of the elementary obstruction theory. 
Let / : X — 7- y be a cellular map that induces an isomorphism of the 
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fundamental groups. We want to deform the map / to a map to the 
(n — l)-skeleton y("~i). For that we consider the extension problem 

i.e., the problem to extend / : X^^^^^ — )■ y("'^^) continuously to a map 
/ : X — )■ y^"-^^). The primary obstruction for this problem o/ is the 
obstruction to extend / to the n-skeleton. It lies in the cohomology 
group H'^(X;L) where L = 7r„_i(y*^"~-'^^) is the (n — l)-dimensional 
homotopy group considered as a yr-module for it = TfiiY) = 7ri(X). The 
obstruction theory says that a map g : X ^ y("-i) that agrees with / 
on the (n — 2)-skeleton X*-""^-* exits if and only if o/ = 0. The primary 
obstruction is natural: li g : Z ^ X is a cellular map, then Ogf = 
g*{of). In particular, in our case O/ = /*(oi) where Oi G H^{Y; L) is 
the primary obstruction to the retraction of Y to the (n — l)-skeleton. 

3.3. Definition. Let g : y("^^) — )• Z be a Lipschitz map of the (n — 1)- 
skeleton of an n-dimensional complex to a metric space. We call the 
problem to extend gto a Lipschitz map ^ : y — > Z a Lipschitz extension 
problem . 

3.4. Definition. Let X be a finite n-complex, n > 3, with vri(X) = n 
and / : X — )■ y be a lift of a cellular map f : X ^ Y that induces 
an isomorphism of the fundamental groups. We define an element 
Or e if"g(X; 7r„„i(F("~^))) as the class of the cocycle 

defined by the formula C7{e) = [/ o 0g] where 0e • ^""^^ = dB^ — )> X 

is the attaching map of an n-cell e. Since the map / is vr-equivariant, 
the cocycle Cr is a yr-equivariant. Thus, it defines an element Kf G 

H^{X; 7r„_i(y*^"~^))) of the equivariant cohomology and or = pert\{Kf). 

We consider an arbitrary geodesic metric on a locally finite complex 
and the induced metric on its universal cover. 

3.5. Proposition. Let f : X -^ Y be a lift of a Lipschitz cellular map 
f : X ^ Y of a finite n-dimensional complex to a locally finite that 
induces an isomorphism of the fundamental groups. Then the above 
cohomology class oj G H^^(X; 7r„_i(y*^"~^))) is the primary obstruction 
for the following Lipschitz extension problem 

X D X^"^^^^) I\ y("-i)_ 
Thus, Or = if and only if there is a Lipschitz map g : X ^ y("-i) 
which agrees with f onto X*^"~^) . 
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Proof. The proof goes along the hnes of a similar statement from the 
classical obstruction theory. Let Cr = 6"^ where \E' : C„_i(X) — )■ 

7r„_i(y^"^^)) be an almost equivariant homomorphism. For each (n — 
l)-cell e of X we fix a section e G X, an {n — l)-cell in X. Then the 
set {'y~^'^{-ye) | 7 G tt} = {7j~"'^^(7je)}i!li is finite. Like in the classical 
obstruction theory we define a map gi : 'ji'e — )■ y("~^), i = 1, . . . ,m 
on cells 7,6 such that Qi agrees with / outside a small (n — l)-ball 
Bi C 7je and the difference of / and Qi restricted to Bi defines a map 
dr : S^^^ — 7> y("~^) that represents the class — \E'(7je). For a general 

lift 'je of e we define a map (7 : 76 — ?■ y*-"^^) as follows. Let ? be 
such that 7~^^(7e) = 7j~"'^\l'(7je). We define g = "y^y^'^ gi'ji'j"'^ ■ Thus, 
we define g : X^'^"^^ — ?> y("~^) in such a way that the difference map 
dr : 5""^^ — 7> y("^^) on the cell 76, 7 G tt, represents the element 
— (7j7)~^\l'(7je) = —^(76). Then the elementary obstruction theory 
implies that for every n-cell a' G X there is an extension g„/ : a' — ?■ 
yC"-!) of g\Qf,.i. For every ri-cell cr C X we fix a lift a. Consider the set 
of maps 



[j{l-'9l\da : da ^ y("-i)} C C{da,Y^ 



By the construction of g, this set is finite. We fix an extension ^o-' for 
each element of this set and define the extension g : X ^ y("-i) of g 
by translations by n. We may assume that all maps gi and g^r in the 
above construction are Lipschitz with the same Lipschitz constant. We 
can do that since there are finitely many maps there. 

In the other direction, if there is a Lipschitz map g : X ^ y("-i) 
that coincides with / on the (n — 2)-dimensional skeleton, then the 
difference cochain dr- is almost equivariant. Indeed, for any A > 
there are finitely many homotopy classes in 7r„_i(y) can be realized by 
A- Lipschitz maps. Then the formula Sdr- = Cg — Cj and the fact that 
Og = imply that or = 0. D 

Let [e] G iin-i{Y^^''^^^) denote the element of the homotopy group 
defined by the attaching map of an n-cell e. Then the homomorphism 
Cj : Cn{Y) — 7> 7r„_i(F*^"^^)) defined as C^{e) = [e] is an equivariant 
cocycle with the cohomology class oj G H'^^{Y; 7r„_i(y'^"^^))). 

3.6. Proposition. (1) The cohomology class or from the above Propo- 
sition is the image under f* of the class oj G HJ^^{Y; Hn-iiY^^^^^^)) . 
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(2) The class oj comes under the homomorphism pert^ from the 
primary obstruction ki G H^{Y; 7r„_i(y("^-'^))) to retract Y to the (n — 
1) - dimensional skeleton. 

Proof. The first part is the naturality of obstructions for Lipschitz ex- 
tension problems with respect to Lipschitz maps. Like in the case of 
classical obstruction theory, it follows from the definition. 

The second part follows from definition (see Definition 13.41) . D 

3.7. Proposition. Let / : X — t- Bn be a Lipschitz map of a finite 
complex that induces an isomorphism of the fundamental groups and let 
/ : X — > Etc be its lift to the universal coverings. Then for every R > 
the family of preimages of R-balls {f~^{Bji{y))}yizETT is uniformly 
bounded where the metrics on X and Etc are induced from geodesic 
metrics on X and Btt. 

Proof. Since FX — > f{X) is a quasi-isometry for the subset metric on 
/(X), the family {f^^{Bii{y))} r,^. is uniformly cobounded. Then, 

clearly, the family {f^^{BR{y))}y^EiT is uniformly bounded. D 

3.8. Theorem. Let X be a finite n-complex with vri(X) = vr and let 
/ : X — )■ Btt be a Lipschitz map that induces an isomorphism of the 
fundamental groups. Then dmiMC X < n, n > 3, if and only if the 
above obstruction is trivial, oj= 0. 

Proof. If dimA/c X < n, then by Proposition 13.11 there is a Lipschitz 
cellular homotopy of / : X — )■ En to a map g : X ^ E7r^"'~^\ By 
Proposition 13.21 the map g is almost equivariant. Then by Proposi- 
tion [231 oj = 7*(oi) = g*i*ioi) = where i : ETr^"-^) C En is the 
inclusion. 

We assume that Bn is a locally finite simplicial complex. If or = 0, 

then by Proposition 13.51 there is a A-Lipschitz map g : X -^ En^"""^^ 
for some A which agrees with / on the (n — 2)-skeleton X^"~'^\ We 
may assume that / is also A-Lipschitz. Additionally, we assume that 
the diameter of each cell in X is less than 1 . We show that the map g 
is uniformly cobounded. In view of Proposition 13.71 it suffices to show 
that g^^iy) C f~^{Bs\{y)) for all y G En. Let x G g~^{y) and let 
X G e where e is a cell in X. Since X is n-dimensional, there is a point 
V G X("-2) n St{e). Then d^ix.v) < 2 and d{g{x),g{v)) < 2A where 
d is the metric on En induced from a proper geodesic metric on Bn. 
Thus, dyiy, f{v)) < 2A. Since the map / is A-Lipschitz, by the triangle 
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inequality and the fact that f{v) = g{v), 

d{y, fix)) < d{y, g{v)) + d{f{v), f{x)) < 3A, 

i.e., /(x) e Bsxiy)- Therefore, x G f^'^^Bsxiv))- □ 

4. Homology of groups 

Let / denote the augmentation ideal of the group ring Ztt. We recall 
that the Berstein-Svarc class j3 = I3.„- E H^i'n", I) is the first obstruction 
to the lift of Btx to En (see |Svj and |DRj ) . The following is called the 
Universality Theorem and it is stated without proof in |Sv] . A proof 
can be found in [DRJ. 

4.1. Theorem. For every ir-module L and every cohomology class a G 
H^{'K\ L) there is a n-homomorphism I^ ^^ L that takes (i^ to a. 

Here /3^ = /?-—-■■■-—-/? is the k times cup product and I^ = 
/ (g) ■ ■ ■ (g) / is the k times tensor product over Z. We recall that the cup 
product X -^ y oi classes x G H*{X; A) and y G H*{X; B) is defined 
for any modules A and B with x -^ y E H*{X; A® B) |Br] . 

Let f : M ^ Bn be a map that induces an isomorphism of the 
fundamental groups. The image f*{Pn) ^ H^{M;I) of the Berstein- 
Svarc class of vr is denoted by (3m and is called Berstein-Svarc class of 
M. 

We will use the notations iJ*g(7r;L), Hl^'°'^{7i] L), pert^ and pert^ 
for H^eiEn; L), WJ'°-''{E'K] L), pert*^^ and pertf'" respectively. Also we 
will use the notation H^:{n) for H^{7[] Z). 

4.2. Theorem. For a closed oriented n-manifold M the following are 
equivalent: 

1. dimMC M < n; 

2. /*([M]) G ker{pert1) where f : M —^ Bn is the map classifying 

the universal covering M of M . 

3. {13m)'' eker {peril,). 

Proof. 1. ^ 2. Let f : M ^ Bn be a cellular Lipschitz map classi- 
fying the universal cover M of M and let / : M — )■ En be a lift. If 
diniMc M < n, then by Proposition 13.11 there is a Lipschitz cellular 
homotopy of / : X — )■ En to a map g : X ^ En^^-'^K By Proposi- 
tion 13.21 it is almost equivariant. Then by Proposition 12.41 it follows 
that f^{pertf{[M])) = 0. Therefore, pertl{f^{[M])) = and hence, 
f*{[M]) G ker{pertl). 

2. ^ 3. If /*([M]) G ker{pertl), then pertl{f^{[M]) n /3") = 0. 
Since we may assume that the restriction of / to the 1-skeleton of M 
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is a hoineoinorphism of 1-skeletons, the commutative diagram 

Ho{M;I") -^ Ho{Bn;I") 

has isomorphisms for horizontal arrows. Therefore, pert*^([M]n(/*/3)") 
0. Thus, pert^^{[M]) n j9ertX/((/*/3)") = 0. By the Poincare Duahty, 
pert^((/3Af)") = 0. 

3. =^ 1. By Proposition 13. 6[ or = pert\j{f* {ki) . By the Uni- 
versahty Theorem there is a coefficient homomorphism -0 : /" — )■ 
7r„_i(i?7r^'^~^)) = L such that the induced homomorphism of the nth 
cohomology groups takes /?" to ki. Therefore, ^ induces the commu- 
tative diagram 



pert 



pert 



where 

o^ = pertl,{nKi)) = pertl^iMMn) = MpertUiPMT) = 0. 

Then by Theorem 13.81 diniAfc* M < n. D 

We note that the subset of ra- ho mo logy classes of Hn{'K) which can 
be realized by an n- manifolds forms a subgroup. We denote this sub- 
group by RHnij^) and call it the representable n-homology group. Using 
the surgery one can show that for n > 4 a realization f : M ^ Bn 
of a given class from RHn{n) can be taken such that / induces an 
isomorphism of the fundamental groups. 

4.3. Definition. We define the group of small macroscopic dimension 

classes as H^"'{n) = ker{pertl) n i?if„,(7r) C if„(7r). 

4.4. Corollary. For a closed orientable n-manifold the following are 
equivalent: 

(1) dimAfc M < n; 

(2)M[M])eHr{n). 

We conclude this section with the following observation about ho- 
mologies of a group. 

4.5. Theorem. For every group it and any n > 0, 

HM = Hn-iirc; I) = if„_2(7r; !') = ■■■ = H,{7i; P'^) 
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and 

H^{7r) = ker{Ho{7v; /") ^ Ho{7v; /""^ ® Ztt)} 

or to state the same differently, 

H^{n) = ker{r ®^ Z ^'^' (/"-^ ® Ztt) ®, Z} 
where i : I ^ Ztt zs i/ie imbedding. 

Proof. The first chain of equalities follow from the homology long exact 
sequence defined by the short exact sequence of coefficients 

-> /^ -> I^'^ ® Ztt -> I''-^ -^ 

and the fact that Hi^Bir; I^^^ ® Ztt) = for i > 0. The latter is due 
to the facts that the reduced homologies of a group with coefficients 
in a projective module are trivial [Br] and the modules /^^^ ® Ztt are 
projective [DRj . Here we use the convention /° = Z. 

The second equality follows from the facts that -f^„(7r) = Hi{'k] /"^^) 
and the remainder of the coefficients exact sequence is 

^ Hi{Tr- P-') -^ Hoirr; P) -^ H^{n- p-' ® Ztt) ^ Hoin; p-'). 

The last equality follows from definition of 0-dimensional homology: 

HqItt] L) = coinv{L) = L ^^^ Z 

for every vr- module L. D 

5. Uniformly finite homology 

Let X be a uniform simplicial complex. Block and Weinberger intro- 
duced the uniformly finite homology groups H^^{X] Z) as the homology 
groups of the chain complex of bounded infinite chains 

^k = { y. "f^^' k eN, n„ G Z, max{|no-|} < oo} 

where a runs over all A;-simplices of X. They defined the uniformly 
finite homology for general metric spaces and we refer to |BWj for the 
precise definition in the general case. 

REMARK 1. Let K be the universal covering of a finite simplicial 
complex K with the fundamental group vr. We assume that K is given 
the metric lifted from K. When L = Z is a trivial vr-module, the almost 
equivariant locally finite homology groups Hlf'"-^{K] L) coincide with 
the uniformly finite homology H^^{K] Z). 

The following theorem is due to Block and Weinberger |BWj . 

5.L Theorem. For a finite complex K, Hq (K;Z) = if and only if 
TTii^K) is not amenable. 
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Here is our main result. 

5.2. Theorem. There is a closed rationally essential n-manifold M, 
n> 5, with the fundamental group tti (M) = Z" x F2 such that diraMc M < 
n. 

Proof. We note that S^ = T" x {S^ V S^) for % = tti{M) where T" 
is the n-torus. Consider the natural inclusion of T" into Bn. Then 
the image of the fundamental class [T"] in Hn{B7r) is [T"] ® 1 where 
1 e Ho{S^ V S^). By Remark 1 and Theorem EH pert^^{l) = 0. 
Therefore, in view of Proposition 12.61 

pe<([T"] ® 1) = perff ([T"]) ® pertf (1) = 0. 

By a surgery in dimension 1 and 2 performed on the torus T^ we 
can obtain a manifold M together with a map f : M ^ Bn inducing 
isomorphism of the fundamental groups and such that /([M]) = [T"] (g) 
1. By Theorem 13.81 dim /i^rrM < n. D 

REMARK 2. The free group F2 in the Theorem 15.21 can be replaced 
by any non-amenable group. 
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